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Summary. Alternative methods to the standard Young technique for the construc-
tion of Fermion wave functions in the spin orbital formalism are presented and
shown to be equivalent to the standard technique. To develop these methods: (i) the
starting or primitive function is factored into spin and spatial parts, (ii) the
conjugacy feature required to satisfy the antisymmetry principle is exploited, (iii)
the necessary commutation relations with the Fermion antisymmetrizer are shown
to hold and (iv) the one-to-one correspondence between the independent picture of
the Young tableaux and the independent Slater determinants is used. This last
feature has the advantage of reducing all three methods to rapid efficient graphical
procedures. Each method is analyzed to consider the amount of labor involved to
carry it out. Several examples of the methods are given for constructing both
electronic wave functions and spin functions.
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1. Introduction

It is well known that the Slater determinants provide the proper antisymmetry for
electronic wave functions when expressed as a product of spin—orbitals. The rather
small interaction between the spatial and spin parts of the wave function permits
their separation into factors, and the overall antisymmetry constraint is met by
requiring that the spatial and spin factors transform according to conjugate
partners of conjugate partitions (or irreducible representations) of the symmetric
group of the electrons. In this way the antisymmetric partition is ensured to be
contained in the decomposition of the product [1]. It may be obtained by simply
projecting it with the antisymmetric projector of the symmetric group.

Since each factor (space or spin) is associated with a conjugate partner of
a conjugate irreducible representation, each may be associated with a Young
tableau (YT). There exist a variety of methods to obtain these associations [2—-5].
The traditional way is to apply the Young projector [6, 7],

N = QHLP[M,’ (13)
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to the YT. Here [ A] specifies the partition of the symmetric group and t the partner
or Yamanouchi symbol [8]. The column — antisymmetrizer Q‘** includes all pos-
sible permutations (accompanied by their parity factors) within the columns of the
Young tableau, viz.,

Q¥= 3 (-)q (1b)

gecolumn

which the row-symmetrizer is a symmetric operator for the permutations within
the rows of the YT, as its name implies. Explicitly,

P = % p. (1c)

perow

The application of the Young operators to the Young tableaux and the
subsequent perfunctory antisymmetrization gives rise to the linear combinations of
Slater determinants sought. For example, consider a Fermion system of identical
particles and the two conjugate partners, [ 1], and [1].-, and define the correspond-
ing Young tableaux as

= [4). = YT(o!*)

and

k- | =[1]e = YT(QP:),

-

where the kin [A], refers to the orbital ¢ while the k in [1],- refers to its associated
spin function a,. The conjugacy of the Young tableaux requires that the object
in the rth row and sth column in [4], be changed to the sth row and rth column
in [1],.. Under this definition the sum of the Yamanouchi symbols of the Young
tableaux should give 1 + v = d'"¥ + 1 = d'*1 + 1, where the d’s denote the dimen-
sions of the irreducible representations.

It is quite important to notice that each conjugate pair of Young tableaux
corresponds uniquely to a single Slater determinant. The symmetry projections
with the Young operators will generate a linear combination of Slater determi-
nants.

The starting (primitive) functions, $° and Q°, of the spatial and spin parts are
thus symmetry adapted to the conjugate partners of the conjugate partitions in this
fashion, i.e., with the aid of the Young tableaux. Explicitly,

P = NI @O, (2a)
QA = N3 QO (2b)

Tt should be noted that in the above example conjugation has been defined in
the traditional diagrammatic manner. Recently, it has been found that it may be
defined mathematically by the parity operator « [1]. In this way the two Young
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operators are seen to be related by conjugation. As a consequence,
NI = NI,

= nQUHr Pl

{2 crl 2]
[; (—)"nqn][ Z] npﬂ}

[z xn

= PlALQUilk (2¢)

where Egs. (1) have been used. Notice that in the third line the “column” and “row”
refer to those of [1],, whereas in the following lines they have been interchanged in
order to refer to [1],- and thereby remain consistent with the traditonal graphic
definition of conjugation. Equations (2c) also show that the same permutations for
the columns (rows) of [ 1], are used for the rows (columns) of [1],.. This result may
have been expected.

If we now exploit the fact that these two disjoint kinematic spaces, orbital space
and spin space, must transform as conjugate partners of conjugate irreducible
representations of Sy in order for the resulting linear combination of Slater deter-
minants to satisfy the antisymmetry principle, we have

Yk = AL QIAL LAk (3)

where A" is the antisymmetrizer. We have affixed the spatial labels to the result
because it is related to the point-group symmetry, which is always shown by the
symmetry of the orbital part. _

The conjugacy constraint, expressed as [1] ® [ 4], is seen to be a second rank
inner direct product. The Young operator method will be shown to be represen-
table in the following equivalent forms:

P = AINPR@ N (Q° © 0°) = AUIINUFQ0 @ NIHH6°),  (4a)
lp[“‘ — A[IN](N[EL, ® E)(QO ® 450) — A[lN](N[Z]fQO ® ¢0)’ (4b)
lﬁ[“‘ — A[IN](E ® N[l]()(go ® ¢0) — A[1N](QO ® N[A],¢O), (4C)

where E is the identity operator. These expressions indicate that the procedures
may be carried out upon the factored products, and the results may be sub-
sequently antisymmetrized. The antisymmetrization does not have to be carried
out in reality. One merely indicates each term in the resulting linear combination as
a Slater determinant.

Since Young operators play a central role in constructing the basis functions of
the different irreducible representations of the symmetric group Sy [8-14], and
a drawback to their usefulness is that the number of permutations involved in them
increases very rapidly with N, consequently, the Young operator method is a
laborious procedure in the case of large N. Its simplification is essential if it is to be
useful in such a situation.
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2. New operator sets for fermion systems

The realization that each conjugate pair of Young tableaux corresponds to an
independent Slater determinant in a one-to-one fashion means that the application
of the Young operator to the YT gives rise to a linear combination of Slater
determinants. This one-to-one correspondence, then, leads to a direct graphic
method of producing the projected linear combinations of Slater determinants.
This graphic approach is advantageous because it is both simple and rapid.

The most important feature in our method is that each independent picture
(arrangement) of conjugate pair of Young tableaux corresponds to a single inde-
pendent Slater determinant (one-to-one correspondence). In the resultant linear
combination of Slater determinants the signs of the various terms are determined
by the parity of the permutations which restore the determinant to its original
order. In general, the results obtained in this way are not orthonormalized, but
they may be made so by standard techniques, such as the Schmidt procedure of
orthogonalization,

To achieve further understanding and simplifications we must consider the
conjugate nature of the spin and space factors involved in the inner direct product.
Write the primitive electronic wave function (it is the simple spin and space product
of [A], and [A] ) as

7 ]
]

[]= - duodion -,

then consider the effect of a single permutation operator in freon space, say gy
(see Eq. (1b)), on YT(9):

[ =] ((~)q‘u“'
[]

D)= R L AL ACARTR O

After antisymmetrization the right-hand side becomes
= |- (=)o) Pulor) -
= |- dulo1)Pulr) -+ |- (6)

If we take cognizance of the fact that gl* is a column permutation operator and

thus commutes with the antisymmetrizer, we may write this process as
(")61%]'1 < ilor)ilar) | = (=) - dulor) dulor) - |
= | @plo)Puloy) - |. (7)
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Similarly, a symmetric (row) operator in spin space, p}j”" (see Eq. (1¢)), acting on the
spin function, represented by YT(Q), will give

e [ k- D ][] = - tlonditon -
[

= |- Pulo)) Pulon) -+ . ®)
after antisymmetrization. This process may be written as
pL¥ - dulo) ey | = |- dulo) pulon) - |- ©)
Comparison of the Egs. (6) and (8) (or the right-hand sides of Eqgs. (7) and (9)) gives
P;[j]r'| < i) Pulor) | = (“)CI%H - pr(ar) pilor) -+ |. (10a)
By similar reasoning it may be shown that
AR N AT AR R G R ACATXCARE (10b)

Recalling the basic principle in the permutation group that an arbitrary
permutation operator can always be represented as a product of transpositions, we
will extend this result to more general cases. Performing the summation of Egs. (1b)
and (1c) in Egs. (10) yields

Pk pi(oi) pular) - | = QUM - ular) dulon) -+ | (11a)
and
P - o) dilar) - | = Qm"l - Orlar) Pular) - |- (11b)
These results may be expressed in a more tractable form by using
|- (o) duloy) -+ | = ANQ° ® 9°). (12)
The final expressions are
(P @ E)A1(Q° @ 0°) = (E® Q1) ANI(0° @ 2°), (13a)
(E ® PHAI(Q0 @ ¢9) = (QI @ E)AIM"(Q° @ ¢°). (13b)

We first make use of these equations to show that Eqs. (4b) and (4¢c) represent
equivalent procedures which must lead to the same results.

(Nli]f ® E)A“N](QO ® )
= (Q[I],'P[I],]r ® E)A[INI(QO ® 0°)
= (Q[I]r' ® E)(P[h" ® E)A[IN](QO ® 3°)
= (Q[hv QEE® Q[Ilt)A[l"l(Qo ® ¢°)
= (E ® Q"1)(Q" @ E)AI"(Q° ® 8°)
=(E ® Q"H)(E ® PIHAM(Q0 ® 3°)
= (E ® QHLPHL)A[I”](QO ® ¢0)
= (E® N")A'(Q° @ ¢°). (14)
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The third line of this equation is a result of Eq. (13a). The fourth line is a conse-
quence of the fact that the two prefactors with the Slater determinant commute,
since they operate on different spaces. The fifth line resuits from Eq. (13b). Thus,
Eqs. (4b) and (4c) are equivalent procedures. Of course, this means that the starting
form represents the Young spin projector method, while the last result represents
the Young orbital projector method. For obvious reasons they may both be called
the Q—P method.

The importance of Egs.(13) is that they allow us to develop even more
equivalent methods, which may reduce the amount of labor required to generate
the electronic wave functions. Let us consider

(E® NHATQ° ® ¢°)
=E® QHLPML)AU”](QO ® 450)
= (E® Q"1){(E®P*AQ° ® ¢°)}
= (PI* ® E)(E ® PI*1)A"(Q° ® ¢°)
= (P @ P AITQ0 @ ¢°)
— A[l"](P[Z],.QO ® P[“‘¢O) (15)
To obtain the third line of Eq. (15) we made use of the fact that, since Eq. (13a)
holds for a simple Slater determinant, it is also valid for a linear combination of
Slater determinants, represented in the second line by the term in braces. We call
this result the P—P method.
Equation (15)is derived from Eq. (4c). One may equally obtain the P-P method
from Eq. (4b), i.e., \
(NP @ B)AN(Q° ® 9°)
— A[lN](N[i]"QO) ® P°
= APk Q0 @ P41 ¢0) (16)
We will use a slightly different way to reach this result: beginning with
Q% = 001005 - 0P+ 1 - By and ®° = a;b,c; -+ fy, we have
NIk Q°p°
= (QUPIArQ) g
=[(1 —gu+ )1 +p;+ -)Q°1¢°
=[0—qu+ - +py+ - —qup;+ --)2°1¢° (17a)
and
AU (QIAPIAk 90) 40
=1Q°%° —gu°¢° + - +1p;2°¢P° + - (—)Iqupi;R°¢°| + . (17b)
Comparing it to the P-P operator method (the Method D in the Table 1):
(P100)(PLH¢0)
= [0+ pyy )R + pa+ +)9°]
=[Q° +py2° + - 1[P° + pu®® + -]
= QO¢O + pion¢0 + o+ QopleO + cer - pijgopkl¢0 + A
= Q%° + Q%ud® + - +pQ°¢° + - + pyQ°pud® + -, (18a)
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and, making use of the conjugate property of two Young operators for the spin and
space parts (see Eq. (7) and the discussion following), we get

AP QO)(PLAL $0)
= Q%% + |Q%ud® + - +[p Q%% + - + i QPud®| + -
=[Q°9° — |quQ°P°| + - + [pyQ°¢°| + -+ — |qup;2°¢°| + ---. (18b)

The results, i.e., (17b) and (18b), from two different operators are exactly the same in
the form of the Slater-type functions.

All of the six equivalent methods are collected in Table 1.

Even though we have demonstrated that these six methods are equivalent, this
does not mean that the amount of labor involved in each of them is the same. In fact,
the work entailed in the O—P method is much greater than that of the others. These
striking similarities and differences are graphically illustrated in Table 1. The blank
areas indicate where no labor is involved. Horizontal (vertical) bars indicate those
areas where row symmetrization (column antisymmetrization) is required, and the
cross hatched areas show where both of these operations are to be performed.

Notice, from the expressions of the wave functions, that one does not actually
have to perform the antisymmetrization. Instead it is only necessary to carry out
the calculations indicated within the braces and simply designate the Slater deter-
minants of the results by the conventional bar notation.

In the Young operator for the irreducible representation [N—p, p] there are
a total of 2Pp!(N-p)! distinct permutations, of which 27 permutations are in the
column antisymmetrizer Q™77 and p!(N—p)! are in the row symmetrizer PIN"""1,
For the conjugate irreducible representation [27, 1V~ 277, there are again a total of
2Pp!(N-p)! distinct permutations. However, in this case the column antisymmet-
rizer now contains p!(N-p)! permutations, while the row symmetrizer contains 27,
Thus, method A is the most laborious procedure. Methods B-D are less tedious
and each require the same amount of labor. Methods E and F are the most efficient
procedures because they do not require the total number of permutations defined
in Q and P. These truncated column and row operators are denoted by the primes.

3. Applications

An interesting point in our methods is that the independent pictures of Young
tableaux are in one-to-one correspondence with the Slater determinants. By ap-
plying the Young operator we permute the index numbers 1, 2, ... ; by the indepen-
dent pictures we exchange the objects a, b, ... . Clearly, the permutations of the
objects a, b, ... and the index numbers 1, 2, ... are isomorphic. In other words, it
does not matter how many operators are used in the different methods; the final
results just show as many as possible different (independent) rearrangements in the
Young tableaux. In a detailed problem, we may proceed either by using the Young
operators (from Methods C to F, see Example 2) or just by the different pictures
(see Examples 1 and 3 below).

Example 1. The construction of basis functions

Let us deal with a six-electron system with § = 1 and Mg = 0. The YD’s for spin
and spatial are [42] and [2%1?], respectively. From the traditional Young operator
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Table 1. The six equivalent methods® for the construction of electronic wave func-
tions by the young operator NI**

Method Wave function Young tableau

A(double g—P) (Number of operators required = [27p!(N—p)! 1™

)
RS
R

&l

All”]{(NIILrQO) ® (N[“‘¢°)} = '*mmv

“

AT Ty T T e
KT EATCTTITIY
SERA SR,
VIR PRI
abals! E

&
cielvle s RS

C(space Q—P) (Number of operators required = 2°p!(N-p)!)®:

A[l“']{_QO ® (Q[“'P“]‘¢o)} =

D(double P—P) (Number of operators required = 2°p!(N-p)!)®:

AUI{(PUE0) @ (P4 0°))

E(Q'-Q") (Number of operators required = 2°(N—p)!®:

ATHQ12%) @ (Q11°)) =

L

Y. Yuetal
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Table 1. (Continued)

Method Wave function Young tableau

F(P'—P’) (Number of operators required == 2°(N-p)1)*:

=

A[lN]{(P/[Z]'rQO) ® (PI[“‘@O)} = |

*A)-D) apply to all Fermion systems; E} and F) apply to electronic systems (or
nuclear systems with I = 1/2) only.

® The formulas apply for spin-4 particles only. Here N stands for the total number of
boxes in the Young tableau and p stands for the number of boxes in the second row
of the Young tableau which are placed on the left.

method, a tableau belonging to the partition [221%] requires 2! * 4! = 48 operators
from the column-antisymmetrizer and 2! x 2! = 4 from the row-symmetrizer. In all
there are as many as 48 x4 = 192 operations. But, based on our proposed Method
F, there are only two independent pictures for the spin part (here the dashed lines
were used for the independent pictures of the Young tableaux)

ala alﬁl R oot B : aofo (19)
B1B BB BB
(A) (B)
and four independent pictures for the orbital part of symmetry [2212]:
b ab ba ab ba
d . cd cd dc dc (20)

e e e 4

VARV B VA B
@ ® © @

Then the result is given in a very direct way using only the six pictures and the eight
Slater determinants from their combinations. (A)-(a) gives rise to the determinant

|acefbd|. (A)—(b) gives rise to the determinant |bcefad | and finally, (B)—(d) gives rise
to the determinant |bdefac|. The linear combination is

Y21 = |acefbd| + |beefad| + |adefbe| + {bdefac| + |acefbd|
+ |beéfad] + |adefbe| + |bdefac]
— |abcdef | + |abcedef | — |abédef| + |abédef | — |abedef |
+ |abedef| — |abadef| + |abédef). @1)

\I«snm
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This is comparable with the interaction of the sp? hybrid of carbon (d,, d,, d5) with
three hydrogen in the case of CHs, e.g., determinant |d, H,d, H,d; H,| has 2% = 8
terms.

It is necessary to emphasize that these new methods place no restriction on
the orbitals. They can be used in both valence bond (VB) theory and molecular
orbital (MO) theory. The case depends only on the choice of the orbitals. They may
be either atomic or molecular orbitals. They can also be all different (a, b, ... f
stand for different orbitals) or partly the same (say b = a or d = ¢, etc.). This allows
us to make all kinds of basis functions for either a localized or a delocalized
treatment,

Example 2. The comparison of different methods

For the construction of one component of the basis functions belonging to the
partition [2%] in a four-electron system with S = 0 (the second component for this
partition may be found by the same method by changing the order in both Young
tableaux). Taking the first component as
alc
, 22
‘ bld > 22)

112 ol a .
314 BB
while using the following operators for the spin part (see Egs. (1))
NZ'h = [E — (13) — (24) + (13)(24)1[E + (12) + (34) + (12)(34)],

Q'h = E — (13) — (24) + (13)(24),
PI¥h = E 4 (12) + (34) + (12)(34) (23)

—
e

and the following operators for the space part
Nk = [E — (12) — (34) + 124 ]1[E + (13) + 24) + (13)(24)]
Q?’k = E — (12) — (34) + (12)(34) 24)
Pk = E + (13) + (24) + (13)(24)

then taking o0, f3 84 and a; b, c3d, as the primitive functions, we have the same
results shown below for all of the different methods.

Method A (double Q-P):
Y ={[E — (13) — (24) + (13)24)1[E + (12) + 34) + (12)(34)Jot1 5 B3 B4 }
X {[E — (12) — (34) + (12)(34)][E + (13) + (24) + (13)(24)]a1bycsd,}
= {[E + (12) + (34) + (12)(34) — (13) — (123) — (134) — (1234) — (24) — (142)
— (324) — (1432) + (13)(24) + (1423) + (13)(24) + (14)(32)] oty 02 B3 84 }
x{[E + (13) 4 (24) + (13)(24) — (12) — (132) — (124) — (1324) — (34) — (143)
— (234) — (1423) + (12)(34) + (1432) + (1234) + (14)(23)Jayb,csdy}
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= 4(ooff — Booff — affo + Bfock)
x (abed + chad + adcb + cdab — bacd — bead — dacb — cdba — abdc — cbda
— adbc — cdba + badc + beda + dabe + dcba)
= 4[(abcd + cbad + adch + cdab — bacd — bcad — dach — abdc — cbda
— dabc — adbc — cdba + bacd + beda + dabe + dcba) + (abed + cbad + adcb
+ cdab — bacd — bead — dach — dabc — abde — chda — adbc — cdba + badc
+ beda + dabe + dcba) — (@bed + Ebad + adeb + édab — bacd — bead — dach
— dab¢ — abd¢ — ¢bda — adbc — ¢dba + badc + beda + dabé + dcba)
— (abéd + chad + adéb + cdab — bacd — bcad — dach — dabe — abdc — chda
— adbc — cdba + badc + beda + dabe + deba)]
AN = 16(|abed| — |abed| — |abéd| + abed)). (I)
Method B (spin Q—P):
¥ ={[E —(13) — (24) + (13)2H]LE + (12) + (34) + (12)(3)Jor1 22 B3 B}
x{aibycsdy} = 4(oaff — Paof — affo + fPoc) x abed
A"y = 4A(|abed| — |abed| — |abéd) + |abed). (11)
Method C (orbital Q-P):
V= {00y 34} {LE—(12) —(34) + (12)(34)][E + (13) + (24) + (13)(24)] a1 bycady }
= {002 B34} X{[E + (13) + (24) + (13)(24) — (12) — (132) — (124) — (1324)
— (34) — (143) — (234) — (1423) + (12)(34) + (1432) + (1234) + (14)(23)]
Xaybycsdy} = aaff x (abed + chad + adcb + cdab — bacd — bead — dach
— ¢dba — abdc — c¢bda — adbc — cdba + badc + beda + dabe + deba)
A" = |abed| + |cbad| + |adch| + |cdab| — |bacd| — |bcad| — |dach| — | cdbal
— |abdc| — |cbda| — |adbc| — |cdba| + |badc| + |beda| + |dabeél
+ |dcbal) = 4(|abed| — |abed| — |abéd| + |abed)). (111)
Method D (double P-P):
¥ ={[E +(12) + (34) + (12)(34)J oty o2 B3 B4 } { [E + (13) + (24)
+ (13)(24)Ja1bycady} = (0aff + aoff + coff + aafp)
x{abcd + chad + adch + cdab) = 4(ab—cg + chad + adcb + cdab)
AN = 4(|abed| + |chad| + |adch| + |cdab))
= 4(|abed| — |abed| — |abéd| + |abed)). (IV)



136 Y. Yuetal

Method E (double 0-—Q):
¥ = {[E — (13) — (24) + (13)(24) 122 B3 fa }as brcady }
= (aoff — Paaff — affo + ffoc) x abed
= 4(abcd — abed — abéd + abed)
AN = 4(|abcd| — |abed| — |abéd) + |abed)). (V)
Method F (P'-P’):
¥ = {o102 834} {[E + (13) + (24) + (13)(24)] a1 by c3ds }
= (aoff) x (abed + cbad + adch + cdab)
= abed + chad + adcb + cdab
AMYY = \gbed| + |cbad) + |adcb| + |cdab|
= |abcd| — |abed| — |abéd) + |abed). (VI)

Example 3. Spin functions

Using the above methods to construct spin functions is even simpler. To make this
process easily understandable, let us begin with the Young tableau of the spin part.
Due to the electron spin one-half quantum number, these tableaux have only one
or two rows. They are of the form

A B Oy Oz -0 Oy Um+1 ** %P1 - By-2m :I

C

ﬁN—2m+ 1ﬂN—2m+2 ﬂN

where the areas A and C are occupied by different spin functions (one for spin up
and one for spin down) while the objects in part B can be purely «-or f§ or their
mixture.

According to the general Young operator method, it is necessary to apply the
operator which includes all of the permutations, such as

Y= QA+C(PA+BPC)’ (24)

where Qy ¢ is the column-antisymmetrizzer for the part A + C, while P, .5 and
P. are the row-symmetrizers for the parts A + B and C, respectively, and they
commute: P, g Pc = PcPa.p. But, since the basic idea in this work is that the
items appearing in the basis function are correct for the independent pictures in the
Young tableau, it is only necessary to find these independent pictures by our
equivalent methods.

From the discussion in the second section, it is easy to find the correct formula
for both spin function and its related spin—orbital function by the following
formulas:

spin—orbital < ¢; = A"(QONI#Hg0)
= A[IN](NUL'QO¢O)

= A[IN](N[IL"I/O); (25)

spin < 0, = AU"INUZEQO), 26)
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where P° = Q°@°. This one-to-one correlation for spin function (6;) and electronic
wave function (¢;) shows that once we have the basis functions for a partition [ ],
then we have the spin functions for the conjugate partition [A] because the
operators in both Egs. (25) and (26) are the same. Since the new methods are quite
simple for the construction of electronic basis functions, so are the spin functions.
The following is an example for a four-electron system with M, =S = 0 by the
Method D.

ola alb .
Let and stand for spin and space, respectively, and consider

BB cld

the independent pictures of the YT of space part (there is only one picture for such
spin when using the Method D; although all the methods are equivalent, the proper
choice of methods will give the result most directly):

a b
c d

b a
c d

a b
d ¢

>

>

-

T ld ¢

_[ba

(27)

we have the following determinants directly from the four independent pictures
@¢ = |abcd| + |bacd| + |abdé| + |badé|
= |abcd| — |abcd| — |abéd| + |abéd| (28)
and the corresponding form for spin:
0 = afaf — Paaf — affo + Pofo. 29)
Similarly, another basis function is
¢, = |abéd| + |cbad| + |adcb| + |cdab]
= |abcd| — |abed| — |abed| + |abed), (30)
its spin function is
0, = aafif — Poaf — affo + ffao. (31)

In all these procedures, the 6, and 0, are just simply “copied” from ¢, and ¢,
respectively.

In contrast to some other operators, the basis functions obtained from Young
operators are not orthogonal, but they may be made so either by standard
techniques (such as the Schmidt procedure of orthogonalization) or in terms of
the connection between the Young operator and others (e.g., its connection to the
Wigner projection operator [8, 12, 13]). For example, the singlet spin eigenfunc-
tions are

Qs = afuff — faaf — afifo + Pafo = 6.,
Q; = 200Bp + 2BPac — afof — Paaf — affou — fofo = 20, — 0. (32)
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4. Discussion

For any Fermion system the conjugate property of two quantities (say, electronic
spin and orbital, nuclear spin and motion, etc) ensures that their total wave
function satisfies the antisymmetrization principle: [A] ® [A] =[1¥]® ---. This
conjugacy produces the conjugate of the Young operators N'** and N'*! (see the
discussion above) and then, the antisymmetrizer projects out the required antisym-
metric property for the total function. So, from the point of view of the Young
operator, there are always a few equivalent operator sets which allow us to reach
the same antisymmetric wave function for any Fermion system. Say for two
conjugate quantities A and B, there are either

plel — A[IN][(N["]q)g) ® (N[f‘](pg]
or
Pkl = AUILNUgQ) @ 951 (Bifree), (33a)

plel _ A[IN][(pg ® (N[f‘]é'(pg)] (A-free). (33b)

Eqgs. (33) give some insight into the rationale behind spin-free chemistry [15, 16] in
a general sense.

It is necessary to emphasize that the permutations contained in the so-called
equivalent operators are not the same. Take operators Nt*: and Nt*k as an
example: their permutations are different in both permutation order and sign. If
(123) occurs in the first operator Nt*, (132) will occur in the NU*¥; if (1234) occurs in
the first and { —)(1432) will occur in the second, etc. Let n;, p; and ¢; be any operator
in the Ntk plA and g% respectively, the forms for the related three “operator

pairs” are: .

L PO = (p} QP = {(—)pi ')

IL QUF={g;} PW={(—)g"};

L N = {n} QU = {(—)"n; '}, (34)
Fortunately, all these differences will disappear under the action of the total
antisymmetrizer and give the same final results. It is noteworthy to point out that
the commutation of these Fermion operators with the antisymmetrizer is really
what makes possible a spin-free quantum chemical approach to many-Fermion
systems. The details of this statement will be discussed elsewhere.

We have seen in the Eq. (2¢) that parity conjugation produces another repres-
entation of the Young operator which switches the order of P and Q, viz,,

(A — plil. ik
N P Qi .

These operators may also be obtained by the nonequivalent operation of Hermi-

tian congugation, i.e.,
YAk P[“'Q[“‘ = NI (35)

since P*): and Q!*F are Hermitian. Comparing its action on the spin part (it will be
the same if applied to the spatial part)

YAk QOpO
- (P[I],.Q[i],.90)¢0
L+ py+ ) — g+ )R]0
=[(1—qu+ - +py+ - —pjdu+ +)Q°19° (36)
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with that of the operator in the double @ method:

Q70°)(Q9°)
=(1—gu+ )R - g+ ---)P°
=Q°0° — g Q°P° + - + Q°(=)g;P° + - — quQ%(—)qyP° + -,

37

itis easy to show that these two equations give rise to the exact same function when
they are subsequently submitted to the total antisymmetrizer:

AITI(YIR 0) g0 = AIQO(YL4)¢0)
= AU(QIAQ0) QI p?)
=Q°0° — |guQ° P + -+ +|pyQ°P°| + - —|piquR°P°| + ---.
(38)

The equivalent methods for this alternative definition of the Young operator
are shown in Table 2.

The main thrust of this work has been to use Young operators in order to
determine and analyze efficient algorithms to obtain spin states from a given set of
spin orbitals. All methods shown here lead to essentially the same linear combina-
tion of Slater determinants. Though the result of each method may have a differ-
ent proportionality constant, the normalized result is unique and equal to that
given by standard methods (within a phase factor), such as diagonalization or
projection, i.e.,

i = NI Y CJAD,, (39)
k

where NI*F is a normalization constant, C;*" a scalar coefficient and D, a Slater
determinant of the spin-orbitals used. The matrix element of some operator H of
interest in this basis of spin states, viz., (Y| H|y#*)>, are easily determined by
using the expansion of Eq.(39) and subsequently applying the Slater rules for
matrix elements in a determinantal basis, a well-known technique presented in
many textbooks {(cf. [17]).

Since the Young operator, NI*k or YI4) is essentially a projection operator, it is
proper to compare these methods with standard projection operator techniques.
Matsen’s matric projector for Sy [1, 8, 18] requires the use of all N! permutations
of the symmetric group Sy, a much more laborious procedure than any of the
approaches presented here. Salmon gave another algorithm for constructing
matrix units [19]. Like Matsen’s method, it is based on the chain of subgroups
Sy <8, < --- = Sy. For each Young tableau of Sy one can define a chain of
tableaux (and hence a chain of Young operators) determined by successively
omitting the numbers N, N — 1, N — 2, ... etc. For the subgroup S, there will be
27p;1(j-p;)! permutations in the Young operator Ni** and the projection operator
has the recursive form,

et = T (Y el (N kel ) AL, (40)
i

where kg’”‘ is a constant. Thus, it is seen that this product form contains many more
permutations than those of either method presented here, for just the Young
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Table 2. The four equivalent methods based on the young operator Y!**

Method Basis function Young tableau

G(double P-Q):

TTTY T, ror i v v vy
RTINS AT
R P L
A e
o dade 00N eese ]
IR R TR A
o SRR

H(spin P-Q):

T AT T
T,
SRSREXK,
5 SRS
PR
RSS20

A[l"]{(P[ﬂcQ[Il,rQG) ® 0%} =

I{orbital P~Q):

A0 @ (PUIQU60)) =

J(double Q-Q):

(T |

avnes) o @+o) = ([

operators alone appearing in the factor for the Young tableau of Sy are required for
our most laborious approach, method A.

In more recent years Poshusta and Kinghorn [11] have employed the elimina-
tion theorem of algebrants to reduce the number of permutations in the Young
operator to [(p + 1)1T%(p + 1) ~27~! and applied it to a set of atomic orbitals to
obtain a valence-bond wave function. Their algorithm is based upon a spin-free
formalism, whereas our methods are based upon Slater determinants, thereby
requiring permutations to be carried out on both the spin and spatial parts.
Nevertheless, it is still possible to make some comparison between their approach
and our most efficient procedures (methods E and F of Table 1). Recalling that
27(N-p)! permutations are required to carry out methods E and F, we see that, for
low values of p, the factorial predominates and thus the algebrant approach is more
efficient than E and F. However, for

p = [(N-p)/2], (41)
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where the braces indicate the next lowest integer for an odd value of N—p, methods
E and F require fewer permutations than those of the spin-free algebrant approach.
This difference becomes more pronounced as N increases.

The blank areas indicate where no labor is involved. The vertical bars indicate

those areas where column-antisymmetrization is required, and the pointed areas
show where both of these operations are to be performed.
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